The method of homogeneous static deformation is used to compute the pressure dependence of the elastic constants of spinel under the assumption of a Born-Mayer two-body potential. The method, originally used by Fuchs (1935) , is first applied to a number of alkali halides and periclase which have the sodium chloride structure, and reasonable agreement with the measured pressure derivatives is obtained. When applied to the spinel structure, the theory predicts that dc,,/dP is positive at low pressure but becomes negative at pressures of a few hundred kilobars. The geophysical implications of a negative d~~~/ d P for the spinel region of the mantle are discussed.
Introduction
One of the major objectives of solid earth geophysics is the interpretation of seismic velocity profiles in terms of the termperature, pressure, and composition of the earth as a function of depth. Ideally, one would like to reproduce deep-earth conditions in the laboratory and directly compare the elastic properties of mantle candidate minerals with those measured using seismic waves. Unfortunately, it has not yet been possible to measure even the pressure-volume relation at pressures and temperatures comparable to those found in the mantle, not to mention the elastic constants. Thus some theoretical basis upon which to extrapolate elastic properties from the relatively low-temperature, low-pressure laboratory measurements to the high-pressure, high-temperature earth mantle conditions is in order.
A great deal of progress has been made by relating the bulk modulus to the density (Birch 1961; . However, with the recent measurement of accurate shear-wave profiles (Doyle & Hales 1967; Ibrahim & Nuttli 1967; Anderson & Julian 1969) , interpretations based solely on the bulk modulus do not fully utilize all the available data. It would be extremely valuable to be able to interpret both the compressional and shear properties independently.
The most straightforward way to extrapolate elastic shear constants is to compute their volume dependence from a lattice model based upon some interatomic potential. Anderson & Liebermam (1969) used a Born potential with a power law repulsion to compute the elastic constants and their pressure derivatives for the ZnS, NaCl, and CsCl cubic lattices. Even under the rather crude assumptions of zero temperature, centrosymmetric forces, and only nearest neighbour repulsive interactions, they find that this model is successful in explaining differences in the pressure dependence of the elastic constants of the three Werent lattices. They make the important point that the pressure derivative of the bulk modulus does not depend on the structure while the pressure derivative of the shear constants is a strong function of the lattice configuration. Thus, the shear properties of the earth should provide a sensitive measure of its crystal structure.
In the following, the volume dependence of the elastic constants is computed by the method of homogeneous static deformation (Fuchs 1935) . The repulsive potential is taken to be of exponential form and is summed to second neighbours. This gives a slightly better fit to the alkali halide data than the above approach in the sense that the sign of dc,,/dP is in better agreement with the zero-pressure experimental data. The method is then extended to predict the pressure dependence of the elastic constants of spinel.
It is important to note that the elastic constants computed in the Fuchs formulation are the effective constants which control the velocity of wave propagation in a medium under hydrostatic pressure. Wallace (1967) shows that this is a consequence of the way in which Fuch's defines the strains and the reader is referred to this paper for a complete discussion of the subtleties involved in atomistic definitions of the elastic constants for solids under initial stress. The cij computed in this paper correspond to the B , defined by Wallace.
The method of homogeneous static deformation
Fuchs (1935) computes the elastic constants of some cubic monovalent metals by considering the changes in elastic energy density associated with three independent homogeneous deformations. In the following we apply this method to the alkali halides having the NaCl structure, to MgO, and to spinel.
For a solid obeying a general Hook's law relation between the stress and the strain, the elastic energy density is a quadratic function of the strains. In the case of a cubic crystal the expression for the energy density reduces to 2 = 3cl 1 (&xx + & y : + &zz? + *c44(Ey2 + + + c1 2 (&yy &zz + &zz &xx + %x &yy), (2) where cll, c12, c4, are the three independent elastic constants.
Following Fuchs, consider two volume-conserving deformation defined as follows:
(a) compression parallel to one cubic axis with expansion parallel to another while the third remains unchanged. If this distortion leaves the volume unchanged, then there is only one independent strain variable, say axx. The other strain eYy is determined by
It can be shown by direct substitution into equation (2) that
(b) pure shear in one plane parallel to one surface of the cube. In this case equation ( Finally, a pure volume deformation gives a 2 w av2 c,1+2c,,) .
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By considering these three deformations, the three elastic constants of a cubic crystal may be determined.
The elastic energy density
body Born-Mayer potential as follows:
The zero temperature elastic energy density may be expressed in terms of a two-
In this equation C = ionscmj and U , ( V ) is the zero temperature energy of one ion at its equilibrium lattice position
j and the Born-Mayer form for the two-body potential is
In this expression rij is the distance between the i-th and j-th atom, A and p are constants to be evaluated from the zero pressure bulk modulus and lattice constant, q2 is the product of the charges on the two ions, and R is the nearest neighbour distance such that ril = Rpip In order to evaluate equations (4) and (5) for the shear constants, the second derivatives of the potential energy density are taken as follows:
Differentiating equation (9) gives For lattice distortions of type (a) where E,, is the only independent strain, the lattice vectors p i j have the form
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The derivatives with respect to the strain are Substituting equations (12), (13), (14) and (15) into equation (4) gives the shear constant c' = +(ell -clz).
It is convenient to consider the electrostatic and repulsive contribution to the elastic constants separately.
where cf = cW+cW, and Since the electrostatic sum converges slowly it must be extended essentially to infinity. Although there are techniques available for doing these Madelung-like sums, we prefer to evaluate them empirically from the zero pressure values of the elastic constants. There is some rational for doing this in the sense that the ionicity is not accurately known, but the real advantage comes in treating the more complex structures like spinel where the different valencies of the ions makes Madelung-like sums extremely dficult. The zero-pressure values of the elastic constants are thus forced to agree with the experimental data. We have used the room temperature values of the isothermal elastic constants since the temperature data necessary to evaluate the zero temperature elastical constants is not generally available.
To facilitate the empiricism, equation (17) is written in the form where the constant u,, is determined empirically from the experimental value of c'(0).
The repulsive sum converges quickly and has been summed over nearest and next nearest neighbours in Table 1 under the assumption that the repulsive force parameters are the same for both first and second neighbours. The elastic constant c' is given by For lattice distortions of type (b) where exr is the only independent strain, the lattice vectors p i , have the form Table 1 Repulsive sums for the NaCl lattice 
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The repulsive sum over nearest and next nearest neighbours is worked out in Table I i = -e x p ( $ -) .
P Y 2 ZRO
The pressure volume equation of state is given by:
Computational results for the NaCl lattice
The input parameters are the zero pressure values of the nearest neighbour distance, the bulk modulus, the elastic constants, the ionic charge, and the Madelung constant. The force constants L and p are first computed, then the shear Madelunglike constants ax= and av are evaluated. The pressure, density, bulk modulus and elastic constants are then computed as a function of the volume. Since we force the zero pressure values of the bulk modulus and elastic constants to agree with the data, the interesting quantities to compare with the experimental results are their pressure derivatives. This is done in Table 2 . The results are reasonably good for such a simple model and the fact that d~~~/ d p seems to have the correct sign in most cases is very encouraging. In Figs 1 and 2 the computed pressure volume relation is shown to be in reasonable agreement with the X-ray and shock wave data. 
Application to the spinel structure
The spinel unit cell contains 16 aluminum, 8 magnesium, and 32 oxygen sites and is diagrammed in Fig. 3 . Since the nearest neighbour distance for the four-fold magnesium sites is not the same as the nearest neighbour distance for the six-fold aluminum sites, it is more convenient to use the length of one edge of the unit cell as the reference dimension R.
It is again convenient to express the elastic energy density in terms of its electrostatic and repulsive contributions.
where N is Avagadro's number and a = 128.6 is Madelung's constant (Waddington 1959 ). The repuIsive energy has been summed over the nearest neighbours; z, , = 6 and zMg = 4. There are four empirical constants to be determined. If we assume that the magnesium-oxygen interaction potential is the same as in MgO, then we can use the A, , and pMg found in the previous section from the zero-pressure bulk modulus and nearest-neighbour distance of MgO. We can then solve the two equations for A, , and pAl
The general expression for the bulk modulus is:
Computation of the shear constants requires evaluation of the second derivative of the energy density with respect to the strains according to equations (4) and (5). For these computations we Write the energy density w = c,,(U,,@)+ U,") = energy ~r n -~,
n where the index n stands for Mg, Al, and 0. C,, is the number of ions per unit volume where qn is the number of n type ions per unit cell. The factor of 1/2 corrects for the fact that each interaction has been counted twice. If the repulsive terms are summed only to first neighbours, one can write Note that the repulsive term for the oxygen ions is not Written explicitly since all nearest neighbour oxygen interactions are included in the other two repulsive terms.
Consider first the electrostatic contribution to the shear constants.
where
The important fact to notice here is that we may express dU$) e2
where lij is the valence product of the i-th and j-th ions. The R dependence has thus been factored out and if we express for the n type ion, then the electrostatic contribution to the elastic constant may be expressed in the form Table 3 Repulsive sums for the spinel lattice The index m stands for Mg and Al; the j summation is over the nearest oxygen ions for each cation. The distortion parameters u,,, b,,, g,,, and&, are as defined in equations (14), (15), (22) and (23), and are evaluated in Table 3 . The resultant equations for the shear constants are
Computational results for the spinel lattice and geophysical implications
Since the calculated elastic properties are a critical function of the interatomic potential parameters L and p, the constants for the aluminium-oxygen interaction computed according to equations (38) and (39) were compared to those calculated directly from the bulk modulus and lattice constant of A1203. The aluminiumoxygen interaction parameters for these two solids were found to be identical. By assumption the magnesium-oxygen parameters are the same for MgO and spinel, so it appears that the series of solids MgO, A1203, and MgA1204 can consistently by described by the same Al-0 and Mg-0 two-body potentials. The pressuri+volume relation for spinel is shown in Fig. 4 . Unfortunately, shock wave data is available only for the higher pressure post spinel phases, and there is no X-ray data. The pressure derivatives of the elastic constants at zero pressure are given in Table 2 . The most interesting result of the calculations is the pressure dependence of the shear constant c44 as shown in Fig. 5 . Although d~~~/ d P is positive at zero-pressure it decreases and becomes negative at a pressure of a few hundred kilobars. If one computes the compressional and shear velocities, up and ua, from the elastic constants by averaging the Hashin-Shtrikman bounds (Simmons 1967) one finds that the decrease in d~~~/ d P causes a decrease in duJdP with increasing pressure.
These results are of interest geophysically in that the composition of the region between 4OOkm and 6OOkm in the mantle is assumed to be mainly olivine in the spinel structure. Seismically, it is observed that duddz is zero or may even become negative in this region (Anderson & Julian 1969) . Taking u,(P) from the model and assuming a hydrostatic pressure gradient of 0.4 kbar km-', and -dua = -2.2 x 10-4 km sec-' "C-1 d T (Anderson et al 1968) , the critical temperature gradient (duJdz = 0) is 1 "Ckm-'.
Since this is a reasonable temperature gradient for the 400-600 km region of the mantle the shear properties of the spinel lattice appear consistent with the seismic data.
Although these results are suggestive, a detailed comparison between seismic data and this model are impossible in that the calculations in this paper are for A12Mg04 spinel while the mantle candidate is (Mg, Fe),Si04 spinel. However, the two spinels are so similar that the important result of a small (or negative) which decreases with increasing depth will probably also be true for the olivine spinel. Work on the olivine spinel is in progress and will be presented in a later paper.
